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1 Introduction

String theory enjoys applicability to a wide assortment of physical systems. For example, con-
fining flux tubes in QCD are realized as string objects, and can be described by bosonic string
theory in D = 4 dimensions. More generally, a long string can be seen as a collection of D — 2
massless Goldstone modes X which describe the oscillation transverse to the string (in the
directions of broken spacelike translation).

Most cases of interest in effective string theory arise when the underlying theory enjoys
Poincare invariance. It is more convenient to write the string embedding in Minkowski space-
time in a covariant manner X*(o, ), where (o, 7) are worldsheet parameters. We should then
expect the action to be invariant under worldsheet diffeomorphisms (reparametrization) as well
as spacetime Poincare symmetry. As is well known, the effective string can be described by the
so-called Nambu-Goto (NG) action:

1
Snag = — d?o+/— det hay, (1)

2ma!

where
hay = 0, X" 0y X . (2)

In the limit of a long string, where the finite string thickness is neglected, the NG action
fully describes the string theory. More generally, the full effective-theory action is given by
Poincare-invariant contributions constructed from the X*:

S = —— /de/—dethab L] 3)

2ma

where the - -+ denote higher-derivative operators constructed from worldsheet invariants, such
as the second fundamental form Q)

O =V, VX (4)

Here the covariant derivative V, is with respect to the worldsheet metric. Throughout this
paper, we will consider only the long-string case, discarding such finite-size effects.

1.1 The NG Action and the Static Gauge

In formulating the effective theory of a long string, it is convenient to use diffeomorphism in-
variance to choose a gauge for the string embedding X*. A common choice for effective field
theorists is the gauge 7 = X° and ¢ = X'; this choice is known as the static gauge. This
corresponds to a static string oriented spatially along the X'-direction.

Fixing the gauge can be seen as breaking the D-dimensional spacetime Poincare invari-
ance by choosing a long string configuration. This configuration breaks the spacetime Poincare
group Poincare(D —1,1) to Poincare(1, 1) x SO(D —2); the Goldstone modes are the transverse
oscillations on the string. Here, the group Poincare(1,1) corresponds to the symmetry group
preserving the long string, while the SO(D —2) corresponds to the residual spacetime symmetry
among the Goldstones.

The “worldsheet Poincare” group can be seen to emerge if we consider the form of the
worldsheet metric hyp in the static gauge:

hay = Nab + aaXiaaXia (5)




1 INTRODUCTION Sanjay Raman

where 7, is the 1+1-dimensional Minkowski metric for the worldsheet degrees of freedom. The
statement of Poincare(1, 1)-invariance of the static string configuration is then that operators
in the static-string action should be invariant under transformations preserving the metric 74
(of course, the full NG action should preserve the full Poincare(D — 1,1) symmetry). Indeed,
computing det hyp, We see

det hay = (1 — 0o X 0o X)) (1 + 01 X' 01 X)) — (0o X091 X) (9o X701 X7). (6)
Thus,
Sxa = 7%10/ /dXOXm\/(l — X190 X 1) (1 + 01 X101 X)) — (06X 101 X%) (Do X710, X7)
o [ - 3 @x? - @+
2ma 2
b [ e = s s 0

Here the term 51(\12(); denotes the free term in the action, while 51(\14(); denotes quartic corrections
to the free static-gauge action, and so on. We thus see explicitly that 51(\12(); is invariant under the
broken symmetry group Poincare(1, 1) x SO(D — 2): Our intuition of an effective string in D-
dimensions as D — 2 transverse, massless Goldstones propagating along the string is confirmed.
Interactions between these string modes are given by the quartic and higher-order corrections.

The first (quartic) corrections are calculated to be

1 1 . ) ) )
S = o / dX0dx? { -3 [(BoX 0y X2 + (M X9, X7)?] —
5 [(Q0X"00X) (X 0 X) + (DX X" ) (Do X 01 X)) ] -
1 2 1 ina viy2 i inaviabyi
g | o |50 X0 X — (0. X0, X0 X" XT) | (8)
Now, the terms ‘ 4 ‘ ‘ ‘ .
(0.X10°X1)?2, (0, X0, X0 X X7) (9)

are the only terms fourth-order in derivatives 0, and fields X? that are invariant under the

group Poincare(1,1) x SO(D — 2). We can thus express the generic quartic corrections to the
o . . 2)

effective-theory static-gauge action Sy¢ as

1 . . ] . . .
S =8, + 85 = oY / A0 [e2(0,X10°XT)? + ¢3(0, X0, X 0° X7 XT)] . (10)
T
For the choice ¢ = %, c3 = —1, we reproduce the NG action to this order in the derivative
expansion.

By following the standard canonical quantization procedure in d = 2 worldsheet dimen-
sions, we should be able to compute S-matrix elements between worldsheet degrees of freedom
in the effective theory. This should provide a perturbative realization of the effective string
interactions in the long-string limit and should in principle reconcile with lattice calculations
for the QCD string.
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1.2 The Polyakov Action and the Composite-Liouville Term

The above discussion of the effective theory of a long string is especially important when con-
sidering fundamental strings in D = 26 dimensions. In the case of a fundamental string at the
critical dimension, the NG action is not subject to any UV corrections, so we should expect
the UV-completion of the effective theory to be the NG theory itself.

However, it is well known that for D # 26, any quantization procedure runs into prob-
lems. In light-cone quantization, as we showed on the first problem set, Lorentz-invariance is
violated. In BRST quantization, unitarity is lost as negative-norm physical states are intro-
duced.

Indeed, the problems associated with D # 26 can be traced back to the Weyl anomaly
from the Polyakov path integral. Recall that the fundamental string can be equally well de-
scribed by the Polyakov action

1

Sp = —
P 4ra

/dQU\/—ggabaaXl‘abXM. (11)

The Polyakov action is classically equivalent to the NG action, and it is classically invariant
under both diffeomorphisms and Weyl transformations:

Diff : 6X*" = 0v*9, X", 6gap = —Vadvy — Vpouvg; (12)

Weyl: 6X* =0, 0gap = 20wgap (13)

for some infinitesimal diffeomorphism and Weyl parameters jv* and dw. The Polyakov path
integral is

2y = /DgabDX”eiSP[g“b’X“]. (14)

[Strictly speaking, it is only possible to define this path integral via analytic continuation to
the Euclidean signature, but for our purposes, it will suffice to write down the Minkowski path
integral at a formal level.] The path integral preserves diffeomorphism invariance, but the mea-
sure Dy, suffers an anomaly upon an infinitesimal transformation.

To see how this happens, note that we can use diffeomorphism and Weyl symmetry to
fix gap to be a fiducial metric gqp. The choice Jap = 7qp is the conformal gauge. [This gauge-
fixing process will introduce ghosts, but we will suppress them as they are not relevant to our
discussion of the Weyl anomaly.] Choosing the conformal gauge gup = 7ap and performing a
Weyl transformation g, — €?*g,,, the path integral changes by

D —26 a R
Ze2wy = Z5exp {—z Y. /dQO'\/—g K 80 wdhw — wR(9)]] - (15)

Thus, the Polyakov action by itself is anomalous for D # 26. To write down a consistent
theory in D # 26, the simplest and most natural way to proceed is to introduce an additional
dynamical field which absorbs the Weyl anomaly introduced by the Polyakov action. To this
end, we write down the Composite-Liouville (CL) action:

Sor =222 / /=g [9°° a0 — OR(3)] (16)
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where the field ¢ satisfies
¢—p+w (17)

under a Weyl transformation. The simplest such field is given by
1
6=—3 log (g0, X" 0p X ). (18)

It is now convenient to take the conformal gauge and choose gqp = 14p. We then have R(§) = 0,
so we calculate

(19)

(0a0.X1O°X,,) (00, X°X,,)
Scr = —

d*o\/=

24r A { (O, X1V X )2
For an anomaly-free worldsheet theory of a string in D # 26 dimensions in the conformal gauge,
we can write down the following action:

1
4ra/

(0o X")?

_ nAC a nAc
S:SP+SCL:/CZ20 {_ 26-D [(aaacx 9°X,) (090, X 0°X,,) +H

24w (Op XHOPX )2

(20)
The CL term is highly nonlinear, and it is thus not immediately apparent if the theory is well-
behaved in the UV. Nevertheless, we may still treat this as an effective theory and calculate
S-matrix elements for a long string using the conformal-gauge Polyakov 4+ CL action.

1.2.1 Asymptotic States in the Conformal Gauge and Gravitational Dressing

For the effective theory of a long string, the conformal-gauge action equally well describes
the propagation of the transverse modes. However, it is important to note that the S-matrix
elements from the conformal gauge are not the same as those in the static gauge [1]; this dis-
crepancy is known as gravitational dressing. This discrepancy arises due to the fact that the
asymptotic states in the conformal gauge do not correspond directly to the oscillators of the
static-gauge X*. This can be seen immediately in D = 26 dimensions, where conformal-gauge
action is exactly free in the X* field, while in the static gauge, the action still has nontrivial
quartic vertices.

This discrepancy, can also be seen by inspecting the quantization procedure in the con-
formal gauge. To begin, note that there is a large residual gauge freedom after the conformal
condition g, = 7qp is imposed. Indeed, any combination of diffeomorphisms and Weyl transfor-
mation leaving g, fixed preserves the conformal gauge. Thus, we see that the conformal-gauge
theory is not manifestly unitary; fixing the residual gauge freedom leads to additional ghost
terms. The physical states in the conformal gauge can be constructed as the BRST cohomol-
ogy of this ghost system, which will not neccessarily yield the same asymptotic states as the
static-gauge X* oscillators.

Nevertheless, the asymptotic X? states in the two gauges should differ only by an overall con-
formal factor, so it is still possible to make meaningful comparisons between the conformal-gauge
S-matrix elements with the corresponding static-gauge S-matrix elements. We will discuss this
further when we are calculating the 2 — 2 scattering amplitude in both gauges.

1.3 Static-Gauge Effective String Scattering

In the previous two sections, we saw two vastly different stories about the low-energy effective
theory of a long string. In the first section, we built up the long-string effective action as the
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NG action from the geometric considerations of reparametrization invariance. In choosing the
static gauge, we can compute string scattering amplitudes in the effective theory. In the second
section, we argued for the existence of the CL term from the quantization of the Polyakov
action in the conformal gauge. Although the resulting theory is not manifestly UV-complete,
it can still be treated as an effective theory for a long string.

Now, the interactions from the CL term indeed appear to introduce scattering between
string modes that is different from what we would expect from the static-gauge NG action.
Moreover, it is not even clear at all from the NG effective theory in the static gauge that there
is anything significant about the critical dimension D = 26! Recall the quartic NG interaction
vertices:

Sy + S3=— / A0 [c2(0a X 0" X")? + ¢3(0, X0, X0 X7 0" X7)] . (21)

8ma’
The choice ¢ = %,03 = —1 produces the NG action, but any values of co,c3 are consistent
with the symmetries of the symmetry-broken static gauge effective theory. Thus, it is a priori
possible that we must add additional terms to the NG action to account for the interactions
from the CL term in the conformal-gauge quantization of the Polyakov action.

However, as we will show, the choice c; = %,03 = —1 corresponding to the NG action
is in fact enforced to maintain consistency with the conformal-gauge Polyakov + CL 2 — 2
effective string amplitude. Moreover, although this is hardly manifest at the level of the ac-
tion, we will see that the CL interaction indeed appears in the NG theory at the level of the
one-loop 2 — 2 scattering amplitude. This confirms by direct calculation the existence of the
CL interaction in the static gauge. This calculation, performed by Dubosvky et. al. [2], was
the first direct demonstration of this fact.
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2 Tree-Level 2 — 2 Scattering

Throughout this section and the next, our discussion will follow [2]. To begin our analysis of the
effective string, we will consider the tree-level amplitude for 2 — 2 effective string scattering.
As we will see, this already constrains the effective theory up to the level of quartic interactions.
Moreover, it will set the stage for the one-loop computations which follow.

2.1 General Properties of Effective String Amplitdes

We may consider the general form of the 2 — 2 effective string scattering amplitude. Label the
worldsheet momenta of the incoming string modes as p1, p2 and the momenta of the outgoing
string modes as p3, ps, and suppose that these modes carry “flavor” indices 7, j, k, [ respectively.

Now, the SO(D — 2) invariance of the flavor structure restricts the amplitude to have
three contributing flavor structures:

M o< Adi6ii + Béirdji + Cdydj. (22)
By crossing symmetry, we expect

A(s,t,u) = B(t,s,u) = C(u,t,s). (23)
Here we have defined as usual the Mandelstam variables s, ¢, u:

s=—(p1+p2)®=-2p1-p2, t=—(p1 —p3)°>=2p1-p3, u=—(p1 —pa)®=2p1-ps. (24)

2.1.1 Absence of Annihilations in D = 26

Before we begin the 2 — 2 effective string amplitude calculation, it is important to consider a
few general properties that constrain what we expect the answer to be. To begin, consider crit-
ical bosonic string theory with D = 26. In particular, the conformal-gauge calculation predicts
a free theory in D = 26 dimensions. This implies that the 2 — 2 amplitude in the conformal
gauge will involve no “annihilations”: string modes cannot stop oscillating on one direction and
start oscillating in another.

As we discussed previously, the asymptotic states in the conformal gauge are not exactly the
same as the static-gauge X? modes themselves. However, since they differ by a phase only, we
would still expect that scattering in the static-gauge will be purely elastic without annihilations.
The static gauge 2 — 2 amplitude in D = 26 should thus be given by

M < 8i0510(p1 — p3)d(p2 — pa) + 0udk0(p1 — pa)d(p2 — p3)- (25)

The exact factor will not be the same as in the conformal gauge; however, we should certainly
not see the SO(D —2) index structure J;;0x; corresponding to the annihilation of string modes.
Using the definitions of A, B, C' above, we should expect

A=0. (26)

2.1.2 Flavor and Momentum Structure of Tree-Level String Amplitudes

Now, recall that we live in d = 2 worldsheet dimensions. As it turns out, this will impose
significant kinematic constraints on the values of s, ¢, u. Write each of the momenta p; in terms
of their components:

pi = (B, Py). (27)
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We then have E; = |p;|. Moreover, momentum conservation tells us that
Ey+ By = B3+ Ey, p1+p2=p3+ps. (28)

Suppose without loss of generality that Ey = +P; (otherwise we may just flip the sign of every
P; without changing the argument). We then have

p1+ps = (Pr+ P3|, Pr£|P3]), p1+pa=(Pr+|Paf, P £]|Py). (29)
Suppose now that ¢, u # 0. This would require P3 = — | P3| and P; = — | Py4|. But then we see
Ey+ Py =P+ Py =P3+ Py = —(E3 + Ey) = —(E1 + Ea), (30)

implying that
Ey+ FEy =—Fy — Es, (31)

which is clearly absurd since Ey, Fs > 0. Thus, we conclude that
t=0 or u=0 (32)

and since s +t+u =0,
s=—u or §=—t. (33)

2.2 Static-Gauge NG Tree-Level Amplitude Calculation

With this in mind, we now turn our attention to the 2 — 2 scattering at tree level using the
static-gauge NG action. To begin, we recall that the quartic terms are given by

1 . _
SQ = — /d20' Cg(aaXlaaXl)2, Sg = —

8o/

1

8ra/

/ d?0 c3(0, X 0, X10° XTI XT).  (34)

To make progress, we should write down the Feynman rules corresponding to these vertices.
It will prove expedient to separate the vertices by flavor structure (the s-, t-, and u-channel
processes). First, note that the free part of the action is

1 .
free __ 2 \2
SNe = Y /d (0, X*)°. (35)

The propagator is thus accompanied by an additional factor of (2wa’), so when amputating

4
external legs to obtain the Feynman amplitude, we require a factor of v2ra/ = (2ma/)?.

Applying the contractions with external legs which result in the s-channel flavor structure, we
obtain the following

i )
Co 8,505 vertex : -3 - (2ma)? - 8850k (p1 - p2)(p3 - pa) = —ima/s%8;50k. (36)

ma!

The combinatoric factor of 8 comes from the number of ways of contracting with external legs
in the s-channel. For the c3 vertex, we notice the following:

e There are four ways in which we can contract p1, ps and p2, py

e There are four ways in which we can contract p;, p4 and p2, py
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Putting this together yields

c3 0350k vertex : - (2ma’)? - 485611 [(p1 - p3) (p2 - pa) + (p1 - pa)(p2 - p3)] =

8ra/

o’

Using the identity s + ¢ +u = 0 (which can be derived from kinematic considerations alone),
we find
2+ u? =t(—s —u) +u(—s—t) = —(t +u)s — tu = s> — tu. (38)
The combined s-channel interaction is thus
- /
Combined 3;;64; vertex : ———

[(2c2 + c3)s® — 2ctu] 57 6% (39)

We now recall that the s-channel amplitude A is necessarily zero for D = 26. Thus, by some
ruse or another, we must have

mo'
2

A=

[(2c2 + ¢3)s% — 2¢3tu] = 0. (40)

Now, recall that either ¢ or w is zero, to the final term does vanish in d = 2 worldsheet
dimensions. However, in general, the s term does not vanish, unless we choose cs, c3 such that
2¢co + c3 = 0. By scaling the fields X*#, this in fact fixes the choice

c3=—1, (41)

which is exactly the choice corresponding to the NG action. [Actually, there is a potential
ambiguity with the sign of ¢y, but this ambiguity is fixed by considering the forward-scattering
limit.] We therefore see that the NG choice of coefficients in the EFT is required by consistency
with the conformal-gauge result. Again, we emphasize that the amplitude M does not look the
same as the conformal-gauge 2 — 2 amplitude in D = 26; however, it still gives rise to elastic
scattering without annihilations, as it must.
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3 Omne-Loop 2 — 2 Scattering

In the previous section, we saw that consistency with the conformal-gauge result in D = 26 for
2 — 2 string scattering at tree level automatically enforces the NG choice of coefficients in the
static-gauge effective theory. In this section, we will take these calculations a step further. We
will see that the one-loop 2 — 2 scattering amplitude for the NG choice of coefficients in the
static gauge remains consistent with the effective Polyakov + CL theory. Just as before, we
will see that at D = 26, the annihilation of string modes, realized by d;;0x; vanish in both the
NG and the Polyakov + CL case.

3.1 Conformal-Gauge Polyakov + CL Amplitude

Let us first consider the tree-level amplitude in the Polyakov + CL case. In the absence of the
CL interaction, we should expect no annihilations for D = 26. This forces the amplitude to
take the form

M x 0;1,0;10(p1 — p3)d(P2 — Pa) + 0.0k (P1 — P4)d (P2 — p3). (42)

This is exactly what we observed in the tree-level 2 — 2 calculation in the static-gauge for the
NG choice of coefficients.

Now, let us include the CL interaction. As we noted earlier, the CL term contains powers of
0X in the denominator, which may a priori appear pathological. Indeed, the UV structure of
this theory may be complicated, but we may still treat the Polyakov + CL action as an effective
action for the long string in the static gauge. Thus, making the choice X° = 7 and X' = o,
we can expand the CL term in the transverse modes X' about the background long-string
configuration. We see that

(B XFOX,)2 (1414 )2 = dgee (43)
where the - -- denote terms of order 9X* or higher. We also have
(020.X"0°X,) (00X 0°X ) =~ (0,00 X 0" X")(0"0. X7 0°X7) (44)

Thus, to lowest order, we have

, 26-D

o d?0 (0,0, X 0" X1 (00 X7 0°XT) +--- . (45)
Y

1 )
Sp 4 Sor =~ / Po(0,X7)

As before, the Feynman rule due to the quartic CL interaction can be split up into three
different flavor structuress. Concentrating only on the 6;;0x; piece, we notice the following:

e There are four ways to contract pi, ps and ps,ps with the indices b, ¢, in which case the
a indices will contract p; with p3 or po with py4.

e There are four ways to contract pi,ps and ps,ps with the indices b, ¢, in which case the
a indices will contract p; with py or po with ps.

Recalling the additional factor of (2ra’)? from amputating external legs, we find the &;;0x
vertex:

26 — D

CL 0;50k; vertex: — 96n

- (2ma’)?67 6" - 4 [(p1 - p2)*(p1 - p3) + (p1 - p2)*(p1 - pa)] =

10



3 ONE-LOOP 2 — 2 SCATTERING Sanjay Raman

26 — D ” 1 D —26 g
T (2ma/ )25 5kt . 552(t +u)=— 9% (2ma/ )25 5k 53, (46)
™ T
The full amplitude is thus
D —26 N - o
M = === (2ma')? [s?676" + £25" 67" 4 w5 67H] . (47)
s

Note that for D = 26 this entire amplitude vanishes. However, if D # 26, there is a nonzero
0301 term, corresponding to annihilation of string modes.

3.2 Static-Gauge NG One-Loop Amplitude Calculation

We now return our attention to the NG effective theory in the static gauge. We will compute
the diagrams for 2 — 2 scattering to one-loop order in the static-gauge theory using the quartic
vertices

SQ = 1 /d20 02(8aXi8“Xi)2, S3 =

8ma/

1
8ra/

/ d?0 c3(0, X0, X'0°X70°X7).  (48)

In the previous section, we computed the d;;0,; pieces of the cp and c3 vertices. Using
crossing symmetry, we can write down the pieces of these vertices associated with the other
flavor structures. The full vertices are as follows:

co vertex 1 —idmwa’ [0;;051(p1 - p2) (D3 - Pa) + Oirki(p1 - p3) (P2 - Pa) + 6k (p1 - pa) (P2 - P3)]

cg vertex 1 —i2ma’ (665 ((p1 - p3)(p2 - pa) + (p1 - Pa) (P2 - P3))+
Sir0j1((p1 - pa) (P2 - p3) + (p1 - P2)(P3 - pa)) + b ((p1 - P2)(P3 - pa) + (p1 - p3)(p2 - pa))]. (49)
The propagator can be determined from the free part of the action and is given as follows:
1 69

__1 Y 50
2ra’ p2 (50)

Propagator :

The combined 3 and c3 vertices from the quartic NG interaction may be written in the following
form
combined ¢z and ¢z vertex :  —i2wa [Vi8;i0k1 + Vidindji + Vudidix , (51)

where

Vs = W(p1,p2; 3, pa) = 2¢2(p1 - p2)(p3 - pa) + 3 [(p1 - p3)(p2 - pa) + (p1 - pa) (P2 - p3)],  (52)

and
Vi = W(p1,p3;p2,p4), Vi = W(p1,p4;p2,p3)- (53)
Notice that
W(a,b;c,d) = W(b,a;c,d) (54)
and
W{(a,b;e,d) =W(c,d;a,b). (55)

Now consider the diagrams contributing to the one-loop 2 — 2 scattering amplitude. There are
three diagrams: the s-, t-, and u-channel processes. In each diagram, a vertex factor

=121/ Vijii(p1, p2; p3, pa) = =12 [VibijOp + Vidirdji + Vubirdj] (56)

11
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is placed. Finally, recalling the factor (27a’)? from the LSZ formula for the external legs, we
see that the diagrams are given by the following:

1 o [ A%k Vijmn(p1,02; kP = k)Vinnki (K, p — K5 p3, pa)
s-channel : = (27a’) / on)i = k)2 ; (57)

1 2 ddk V;mkn(plvk;p&q_k)vmjnl(p27k;p4»q_k)
t-channel : = (27a) / @2n)d (g — k)2 ; (58)

1 2 ddk V;mln(plak;pélar*k)vmjnk(p%k;p&r*k)
u-channel : 5(2770/) / on)? 20— k)2 . (59)

Here we have let

p=p1+p2, ¢=p1—p3, r=p—Dpa, (60)
whence p? = —s, ¢2 = —t, r? = —u. The factor % is a symmetry factor from interchanging the

two internal lines.

The full loop integral calculations involve a large number of Feynman diagrams (around
a hundred). For the sake of brevity will not present this calculation here; rather, we will simply
note some important features of this calculation.

Flavor Index Traces and Dependence on D

Let us consider the s-channel diagram. The flavor structure is set by the numerator:

V;jmn(pl;p%k,p_k)ankl(kvp_k§p3vp4)' (61)
Expanding this out, we see that there is a term of the form
‘/s : 51j§mn : ‘/s : 6mn5kl X (D - 2)5ij5kl~ (62)

On the other hand, the term Vjmn (p1, p2; &, p— k) Vinnwi (k, p— k; p3, pa) also contains structures
of the following form:
‘/S . 6zg§mn . Vvt . 6mk:6nl X aij(skl- (63)

Here there is no factor of D — 2 since there is no trace over the 6,,,. These two contractions
can be represented by the following diagrams:

s
»

e

Figure 1: Two different flavor structures at one-loop contributing to an overall §;;0x;. The top
diagram has an additional factor of (D — 2) due to the trace.

12
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We thus see that there are diagrams proportional to (D —2) as well as diagrams independent
of D contributing to the overall one-loop amplitude. This opens the possibility that a specific
value of D could somehow be singled out by this one-loop amplitude.

Power Counting and Dimensional Regularization

Let us first inspect the power counting of the diagrams. Notice that each vertex has four deriva-
tives, which yield four powers of momentum. The two internal lines each have propagators,
which contribute —2 powers of momentum each. The loop integration finally contributes 2
powers of momentum. The total power-counting is then

N=2-442-(-2)+2=6, (64)

so we expect the amplitude to be third power in the Mandelstam variables s, ¢, u. This already
provides an indication that we should expect this one-loop result to correspond to the tree-level
CL vertex from the conformal gauge.

Due to the above power counting, we see of course that the loop integrals are badly divergent.
To regulate these divergences, we use dimensional regularization, performing the loop integrals
in d = 2 — 2¢ dimensions. The use of dimensional regularization preserves the Poincare sym-
metry of the underlying NG theory; counterterms added in dimensional regularization should
also be expected to preserve the NG Poincare symmetry.

Summary

From our power-counting and flavor-index analysis, we see that the one-loop amplitude should
take the following schematic form:

M =[D- fs(s,t,u) +# - g3(s,t,u)] - 80k + - - . (65)

Here f3(s,t,u) and g3(s,t,u) denote cubic functions of the Mandelstam variables. Due to the
large number of diagrams to be calculated, we omit the full computation of the amplitude here
(as it would take many pages). However, putting all of the integrals, we can calculate the
complete contribution to the one-loop 2 — 2 scattering amplitude. Recall that we may write

iMl-loop = Aéijékl + B6ik6ﬂ + Cdiléjk.

Since B, C can be obtained by crossing from A, it suffices to write down A. The UV-divergent
piece of A in dimensional regularization is given by

2na’)? [ D 1
Al/s _ ( ) |: 3

e E(202 +c3)%s® — 3 <DC§ — 2¢5 — 22¢5¢3 — 3270§> Stu} ; (66)

and the finite (order €%) piece is given by

(2ma’)? 3 16 4 —$ s s
Ay =— 1997 (D —26)s° + stu §D+ 3~ 2(D - 8)10g§ + 12tu (tlog; +uloga> .
(67)
for the NG choices ¢y = %, c3 = —1. This is a remarkable result for several reasons. We will

study both the UV-divergent and the finite pieces in greater detail below.
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3.3 UV Divergences and Counterterms

As we see the static-gauge NG action suffers UV divergences at one-loop order. To resolve
this, we should introduce a counterterm. What sort of counterterm should be introduced? To
answer this question, we inspect the form of the divergent piece of the one-loop amplitude more
closely. All of the terms in the amplitude have siz powers of momentum (recall that s,¢,u
are quadratic in the worldsheet momenta). Thus, we should expect the counterterm to have
four X insertions and six derivatives of the X* fields in the corresponding derivative expansion.

To further constrain the terms we choose, we require invariance under the flavor SO(D —2).
This ensures that the fields X* should be contracted with X*. It is then easy to see that we
must choose counterterms of the form

(Om XX (OPXT91XT), (68)

where the 0 are chosen so that there are six derivative terms in total. Now, notice also that
we must also preserve the worldsheet symmetries: The counterterms should also be invariant
under the symmetry group preserving the background metric n?°. This entails that derivatives
should be contracted 9, with 0%, restricting the possible terms to the following form:

C1 = (0aX'0,0. X)) (00" XT0°X7) and Cy = (0, X 00X ") (0. X'0°0°X ). (69)

Let us now consider the tree-level vertices associated with each term. Concentrating on the
0301 structure, we see that the d;;05; piece of the term C; is as follows:

Cy vertex : 2 (2ma/)2%i6% M [(p1 “p3)(p2 - p3)(p2 - pa) + (P2 - p3)(P1 - P3)(P1 - Pa)+ (70)
(p1 - Pa) (P2 - Pa) (P2 - P3) + (P2 - pa)(p1 - pa) (p1 - p3)] = (71)
2. % - (2ma/)?2i6Y 8 [tPu + ut] = —%(27ro/)2i6ij5klstu. (72)

In the first line, the factor of two up front comes from interchanging p1,ps <> ps,ps. On the
other hand, C, has the following d;;0; contribution to its vertex:

Cy vertex : 2- (2ma/)%i6" 6" [(p1 - p2)(p2 - pa)(ps - pa) + (p1 - p2)(p1 - pa)(ps - pa)+  (73)
(p1-p2)(p2 - p3)(p3 - pa) + (p1 - p2)(p1 - p3)(ps - pa)| = (74)
2. é - (2ma/)?2i6Y 5F [ (t + w)] = —%(27ra')2i5ij6kls3. (75)

As we see, the terms C; and Cs are indeed enough to cancel the divergences in the one-loop 2 — 2
amplitude. We would naively expect to cancel the divergences by introducing the counterterms
in dimensional regularization as follows:

1

_ 2
Scounterterm = 327e /d2 260‘ |:D(202 + 03)2C2 -

3

37
(Dc§ — 2¢5 — 22¢5¢3 — 203) Cl} . (76)

There is an additional constraint. Recall that dimensional regularization preserves D-dimensional
spacetime Poincare invariance, so we should expect any counterterm arising in the effective the-
ory to be the static-gauge long string limit of some term invariant under this Poincare symmetry.
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We can consider the invariant terms available to us on the worldsheet. Beyond the metric
v/ —h itself, the Poincare-invariant term constructed from hy; at the lowest order in derivatives
is given by the Einstein-Hilbert term:

Sgn = / d%oc/~hR. (77)

The Einstein-Hilbert term has two derivatives of the metrix hq, = 0, X" 0y X . Thus, we should
expect that the term quartic in X" arising from v/—hR should have two more derivatives than
powers of X exactly as we require. Indeed, in the static gauge, we have

Rab = Nap + 0. X0, X" (78)

Treating 0,X‘0, X" as a perturbation, we can compute the Ricci scalar to linear order in
hab = 8aXZabX7‘:

R = 0,0,h®° — Oh%,. (79)
At lowest order, we may use the equations of motion 9°9,X* = 0 to set any term containing

a factor of this form to zero. Integrating by parts, discarding total derivatives, and using the
equations of motion we find that the Einstein-Hilbert action can be written as

/ d*0/~hR = / d*0(0,X 0,0, X")(0°0° XI0°XT) 4 - - (80)
Thus, we see that the counterterm C; is produced by including the Lorentz-invariant Einstein-

Hilbert term. The counterterm Cy, on the other hand cannot be realized by the addition of
a Lorentz-invariant term to the NG action. However, this is not a problem, since for the NG

choice ¢y = %, c3 = —1, the coefficient of Cy vanishes, and we have
D-8 _
Scounterterm = — 487e /d2 280' Cla (81)

which is reproduced by introducing the counterterm

D _
SEEH = — 8 /d272€0\/ —hR. (82)
48me

This term is known as the evanescent Einstein-Hilbert term. It is a total derivative in two
dimensions, vanishing in dimensional regularization as ¢ — 0 and d — 2. Thus, it does not
appear at all at tree level. However, it must be introduced in dimensional regularization to
provide consistency at higher-loop order in the effective theory.

We conclude by noticing that the renormalization of the one-loop amplitude provides addi-
tional confirmation of the NG choice ¢y = % and c3 = —1: if 2¢5 + ¢3 # 0, then we would not
be able to cancel the one-loop divergences by the addition of a Lorentz-invariant term to the
NG action in dimensional regularization. [In fact, a term of the form Cy can indeed appear,
but it will only appear in regularization schemes other than dimensional regularization which

do not preserve Lorentz invariance.]

3.4 The Finite One-Loop Amplitude

Having studied the divergent part of the one-loop amplitude, we found that the divergence can
be consistently regulated in dimensional regularization by introducing the Lorentz-invariant
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evanescent Einstein-Hilbert term for the NG choice of coefficients ¢y = % and cg = —1. After

this counterterm is added to cancel the divergence, the remaining finite part of the one-loop
amplitude is given by

(2ma’)?
1927

(D —26)s® + stu (136D + % —2(D — 8)log H;> + 12tu (tlog? + ulog Z)} .

(83)
Since we have subtracted off the 1/e divergence with the inclusion of the counterterm, we may
now safely take ¢ — 0 and work in d = 2 worldsheet dimensions. In this number of dimensions,
we see that tu = 0, so the second and third terms vanish regardless of the value of D. We
therefore see that indeed Ag = 0 in D = 26 dimensions, exactly as required.

Ag = —

To obtain the full amplitude, we recall that
M iioop = AdijOr1 + Boidj; + Coy1dji. (84)

The coefficients B and C may be obtained by crossing. Notice that the coefficient of the second
summand in the corresponding amplitudes By, Cy also multiplies stu; thus, this term drops
out of the full amplitude in d = 2 worldsheet dimensions.

3.4.1 Imaginary Part: Consistency with Unitarity

Let us now look at the third summand of equation (83). In Ay, this term vanishes since tu = 0;
however, by crossing, we obtain the term

t t
12su (s log — + ulog ) 0ikd;; € Bo (85)
S u
for the §;,0;; flavor structure. Thus, for the structures By and Cp, the logarithmic terms do
not necessarily vanish. For instance, if we take ¢ = 0 so that s = —u, we see that
(2ma’)? 3, 1 N2 3
By = — D —26)t° + —(2 86
0 1027 ¢ &+ qg(2ma’)is (86)

provided that we choose the 0 prescription s — s + ¢0 from the propagators.

We see that the presence of an imaginary part is consistent with unitarity. Indeed, consider
the tree-level NG amplitude for ¢ = 0:

o 1
Méféﬁl = —ma'sudipdj = 5(27704’)525ik5ﬂ. (87)

Unitarity demands that

ik, j 1 dps dpa i,
21 ik,jl _ 7/ im,jn
m(Ml—loop) (27T)2E3 (27T)2E4 tree

5 (MY (2m)28(py +p2 — ps — pa). (88)

The factor % on the right hand side is a symmetry factor. Moving to the center-of-mass frame
where p; + p2 = (E,0), we see that

1 / dp3 dpy im,jn
(

( Z’er’”l)* (27)%6(p1 + p2 — p3 — pa) =

2 ) (27m)2E3 (2n)2E," "°
1 dPs dP.
~(27a/)2s%6; 54/—3—4513 PO)O(E — B3 — Ey) =
8(7Ta)5 k051 2E32E4(3+ 4)0( 3 — Ey)
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1 © 4Py
§(27Ta/)4845ik5jl [m TE%&(E — 2E3) =
1 .
*(271’0/)28351']@(%[ = ZIm(BO)(Sik(sjl = Im(./\/ll_loop), (89)

8
exactly as required by unitarity.

Notice that this imaginary part is absent in the conformal gauge. As we discussed, the
asymptotic states in the conformal gauge are different from those in the static gauge, so the
S-matrix elements differ by a nontrivial factor. We have see that this accounts for the 2 — 2
tree-level scattering (without annihilations) in the static gauge in D = 26, while the conformal
gauge is exactly free in this many dimensions. Thus, the imaginary part in the one-loop static-
gauge amplitude is required by consistency with the static-gauge tree-level quartic vertices, but
it should not appear in the corresponding conformal gauge result (where there is no nontrivial
scattering in D = 26 dimensions).

3.4.2 Real Part: Comparison with the Polyakov + CL Amplitude

The real part of the one-loop static-gauge amplitude, accounting for all flavor structures, is
then written as follows:

D —26

W(Qﬂalf [5%8ij 001 + t°0i6 50 + w636 j1] - (90)

Mone—loop = -
As we now see, this exactly reproduces the CL interaction from the conformal gauge! Thus, we
see that the CL interaction is generated at one-loop order in the static gauge, and it appears in
the static-gauge one-loop effective action. This is a very important result: It shows that the CL
interaction is non-negotiable, regardless of which gauge we work in. Although the static-gauge
NG action a priori has no mention of the critical dimension, we see that D = 26 is singled out
by the theory at the level of the one-loop effective action. Even from the (limited) point of
view of the effective theory, the critical dimension can be seen. This also confirms to one-loop
order that the static-gauge effective string scattering is elastic without annihilations in D = 26
dimensions to one-loop order, as it must be.

Since the asymptotic states in the static gauge differ from those in the conformal gauge, we
might expect this 2 — 2 static-gauge S-matrix elements to deviate from the conformal-gauge
result at higher-loop order by a nontrivial phase factor. However, we should still expect any
term producing annihilations to be proportional to D — 26, as with the result we have shown
here.
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