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We study the Integer Quantum Hall Effect (IQHE), concentrating specifically on its connection to
topology. We begin by introducing the relevant background material from the quantum theory of
electrons in a magnetic field, and we then follow Laughlin [1] to fully derive the IQHE. We then
discuss the topological Berry phase and study its relation to the IQHE, demonstrating that the
quantization condition of the IQHE is related to the first Chern number. We also briefly discuss
various applications of the topological properties of the IQHE, specifically in the study of topological

insulators.

I. INTRODUCTION

The Quantum Hall Effect (QHE) is one of the rich-
est and most interesting phenomena in condensed-matter
physics. The phenomenon can be summarized as follows:
What happens when you pass a perpendicular magnetic
field through a material conducting a current I? [2].

The Hall Effect was first discovered by E.M. Hall in
his 1879 paper On a New Action of the Magnet on FElec-
tric Currents [3]. In this work, Hall discovered that the
application of a strong magnetic field normal to the flow
of electrons led to the development of a voltage in the
direction perpendicular to the current [3].

To make this picture precise, consider a two-
dimensional conducting surface in the (x,y)-plane, and
suppose that a current I, passes in the +x-direction.
Now, we turn on a magnetic field of strength B in the +2-
direction. Hall observed that a voltage Vg develops in
the y-direction proportional to the applied magnetic field
[3]. This proportionality is usually expressed in terms of
the transverse Hall resistivity, pz:

B

Py = ne’ (1)

Here n is the number density of conduction electrons and
—e is the electronic charge. The above formula holds
good for small applied fields B, and is known as the Clas-
sical Hall Effect (CHE).

However, as the magnetic field strength is increased
further, the transverse Hall voltage no longer obeys the
simple linear relation shown above [2, 4]. In fact, the
Hall resistivity exhibits plateaus at certain specific values.
More precisely, over large ranges of the magnetic field, the
Hall resistivity remains constant at the following values
(2, 4]:
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Here £ is as usual Planck’s constant. As we see, the re-
sistivity assumes values proportional to the reciprocals of
integers (See Figure 1). This phenomenon arises due to
quantum mechanics, and is known as the Integer Quan-
tum Hall Effect (IQHE).

FIG. 1: This is a graph of the Hall resistivity p., (kQ2) as a
function of the applied magnetic field B (T). Figure from [2].

More recently, it was discovered that the quantization
of the Hall resistivity could be interpreted as a topologi-
cal feature of the underlying quantum mechanics [2, 5, 6].
This interpretation of the IQHE is related to the geomet-
ric Berry phase and the adiabatic evolution of electron
states in parameter space, and it gives a window into
the deeper topological properties of quantum mechanics
[2, 6, 7]. As such, the IQHE has been a source for many
interesting new ideas and connections between topology
and physics [2]. In fact, the idea of topological insula-
tors was borne out of the study of the Quantum Hall
Effect [8, 9]. Due to the many unique properties of topo-
logical insulators, there has also been recent interest in
the application of these materials to quantum computers
[2, 8, 9]. (For a further discussion of topological insula-
tors, see [9].) Thus, the topology of the IQHE continues
to be relevant to both theoretical and applied research
today.

In this paper, we will discuss these topological prop-
erties of the IQHE. We will first develop the necessary
background in the Classical Hall Effect and in quantum
mechanics. We will then provide a complete derivation
of the IQHE, and we will discuss the role of topology
(specifically, Chern numbers) in the quantization of the
Hall resistivity.
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II. PRELIMINARY FORMALISM

In this section, we build up several of the tools from
both classical and quantum physics necessary for under-
standing the IQHE.

A. The Classical Hall Effect

Before we discuss the Quantum Hall Effect, it is impor-
tant to understand the classical phenomenon. We thus
return to the picture described in the introduction: A
conducting sheet in the (z,y)-plane with a current I, in
the z-direction and an applied magnetic field B in the
z-direction.

Now, the general motion of a conduction electron in
an electromagnetic field is given by the following [2]:

dv MV

mea:—e(E—i-va) — (3)

Here, m. is the electron mass, v is the electron velocity,
—e is the electronic charge, F is the electric field, and B
is the magnetic field. The last term in (3) describes the
retardation force experienced by conduction electrons as
they scatter with the remaining atoms in the material.
Here 7 denotes a quantity with units of time, and can
be interpreted as the time between successive scattering
events.

We now restrict our attention to the case of steady-
state currents. In these cases, we have

MV

=—¢(E+vxB). (4)
-

Since the electron velocity is confined to the (z,y)-plane,
we write v as a two-component vector. Then, the mag-
netic field B = (0,0, B) is oriented in the z-direction, so
we see that

0 B
va:{_B 0:|’U. (5)
Hence,
Me  eB
[—eB nie] v=—ekE. (6)
We now observe that the current density j is related to
the electron velocity via 7 = —nev where n is the con-
duction electron number density. We find
Me 1 eBT
E=—— Me | 3. 7
ne3t [—ef: 1 }7 (™)

This is precisely the anisotropic form of Ohm’s law:
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We may thus read off the transverse resistivity from (7)
and (8):

(9)

In the limit t — oo, the longitudinal resistivity vanishes:
Pza> Pyy — 0. In this limit, the transverse conductivity
04y is easily obtained by inverting the resistivity matrix:
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This is exactly the Classical Hall Effect as discussed in
Section I. A particularly salient feature of the classi-
cal Hall resistivity is the fact that it is independent of
the scattering time 7 or any physics surrounding the in-
teraction of conduction electrons with the material [2].
This indicates that the CHE is a general and exact phe-
nomenon. We will explore this feature of the IQHE in
Section IITB.

B. Electrons in a Magnetic Field: Landau Levels

Having just discussed the physics behind the CHE, we
will now develop some of the quantum theory underlying
the IQHE. In this section, we will review the quantum
dynamics of electrons in a magnetic field and derive the
existence of Landau levels. To begin, we consider the
Hamiltonian for an electron with charge —e and mass m
in an electromagnetic field:

(p+eA)
om

H= (11)
Here A is the electromagnetic vector potential. Now,
let us consider the same system analyzed for the CHE.
Consider a conducting sheet in the (z,y)-plane with a
magnetic field B applied in the z-direction. Since B =
(0,0, B), we may choose

A = (0, Bz,0). (12)

This choice is known as the Landau gauge. Thus, the
Hamiltonian is

1
To find the energy eigenstates v, (x,y), we now employ
separation of variables. Write ¥, (z,y) = ¢n(z)xn(y).
Since H depends on y only through p,, Xn(y) must be an
eigenstate of p,: x,(y) = e*¥ for some k. Substituting
this into the Schrodinger equation and defining

we have
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Topology and the Integer Quantum Hall Effect

This is precisely the equation for a shifted harmonic os-
cillator with frequency wg. Hence, we may immediately
see

E, = hwp (n + ;) : (16)

Note also that the expectation value of x in ¢, (x) is given
by the shift in the harmonic oscillator (z), = 2" =

—kl%. Thus, the general wavefunction can be written as
Un(z,y) = ™ Hy (2 — 2¥) (17)

where H,, is the nth harmonic oscillator wavefunction.

The discussion thus far has considered systems of arbi-
trary extent in the - and y-direction, but we now restrict
the system to have finite size. We place the electron on
a torus of lengths L, and L, in the z- and y-directions
respectively. The torus forces periodic boundary condi-
tions in the y-direction, quantizing the allowed values of
k:

2
km = Trm7
Ly

m € Z. (18)

Now, since (z), must lie within the torus, we must have
0 <L —kmljzB < L,. Writing z;, = —kml%, the allowed
wavefunctions are thus

¢n,m(x7y) = eikmyHn(x - ‘T:z) (19)

Counting the allowed values of m, the degeneracy N of
states with energy F, may easily be read off:

LI,
2wl

(20)

Somewhat surprisingly, the number of states in a Landau
level is proportional to a macroscopic quantity, despite
our discussion being entirely at the microscopic level.

The macroscopic degeneracy of Landau levels will be
relevant to the IQHE: Since a large number of electrons
can occupy each energy level in a magnetic field, only a
“small” number of energy levels will be filled by all of
the conduction electrons. The quantization condition of
the IQHE will turn out to rely on the number of Landau
levels filled.

III. THE INTEGER QUANTUM HALL EFFECT

Having studied the dynamics of electrons in a mag-
netic field, we now consider the actual IQHE. To pass
from Landau quantization to the Hall conductivity re-
quires some additional effort, and we follow an insightful
derivation by Laughlin [1].

A. Derivation

FIG. 2: A diagram of the setup described in Section IIT A.
Note that r corresponds to our label L,. Figure from [2].

This derivation is due to [1], and some additional ex-
planations were found in [2]. We consider the following
setup (see Fig. 2) Take a thin strip of metal of width L,
shaped into a ring in the plane of length L,; let = be co-
ordinate along the width of the strip, y be the tangential
coordinate around the ring, and z be the perpendicular
coordinate.

Suppose further that the ring is very large, so that
it may essentially be approximated as a straight, flat
strip at each segment. Now, suppose that a uniform
radial magnetic field B passes through the strip in the
z-direction. By the analysis in Section IT A, the vector
potential Ap in the Landau gauge corresponding to the
magnetic field B is

Ap = (0, Bz,0). (21)

Now, thread an infinitesimally thin solenoid through the
center of the annulus; the solenoid carries flux ®. We
choose the vector potential Ag¢ corresponding to the
threaded flux to be

Ag = (07 2,0) . (22)

Hence, just as in Section II B, the Hamiltonian is

g ptred)?
— [pi + (py +eBzx + <I>/Ly)2] )

2m

Proceeding just as in Section IIB, we write the eigen-
functions of this Hamiltonian as

) (0]
Un.m(x) = etfmy g, (x -z + BLy) ; (24)

where as before we have written x}, = —k,,[% and let
H, (z) be the nth harmonic oscillator wavefunction. To
summarize: in the presence of a magnetic flux ®, the
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electron wavefunctions on the strip are shifted in the x-
direction.

Now, suppose we start with ® = 0 and slowly increase
the flux @ from 0 to ®y over a long time 7', where we
choose the specific value

_ 2
o

D (25)

This value ®q is known as the magnetic flux quantum.
By the adiabatic theorem?, a state initially in an energy
eigenstate will remain in an energy eigenstate under a
sufficiently slow variation of parameters. Hence,

Ynm(x,®=0) = eikmyHn(m —xz) (26)

evolves to

) 27h
® =) = eV, |z — :
Unm (2, 0)=e n (x xy, + eBLy) (27)

But

2mh
o 4nr 92
‘Tm eBLy ‘rm+17 ( 8)

so we in fact have the transformation
Unm (2, @ =0) = Yy mt1(z, @ = o). (29)

Importantly, there is no change in the overall spectrum of
the theory. This is a reflection of gauge invariance, and is
related to the Aharonov-Bohm effect [1]. Now, suppose
the Landau level n is fully filled. Then, all of the states
n,m () are occupied for

0<at < L, (30)

Moreover, there are several states occupying both
“edges” of the strip x = 0 and x = L,, where the po-
tential rises steeply as the strip comes to an end. Hence,
the shift v, m — ¥nm41 induced by the slow change
® — P essentially amounts to the shift from a state on
the edge z = L, to a state on the edge x = 0, since we
see x, .1 < z,. For every fully-filled Landau level, a
single electron —e is transferred from the edge z = L, to
the edge = = 0.

We are almost done. Consider a system with n fully-
filled Landau levels. As we slowly increase the threaded
flux from ® = 0 to ® = ®(, n electrons are transferred
from x = L, to x = 0. Thus, there is a current density
J, in the z-direction given by

ne

= 1
L= (31)

1 This point is a bit subtle. In fact, the adiabatic theorem does not
quite hold in this case, as there are nontrivial energy level cross-
ings. The true effect is known as spectral flow and is discussed
in detail in [2]. However, for our purposes, it will be enough to
accept the conclusion of the adiabatic theorem.

where again T is the time over which the flux changes
from ® = 0 to & = $y. At the same time, there is an
electric field in the y-direction induced by the changing
flux:

Qg
E,=——. 32
Thus, the Hall resistivity is
E, ® 27hl
py — T &= — = —(5——, 33
Py I ne ez n (33)

This is exactly the result in (2), as we wished to show
1, 2].

B. Topology and the IQHE

Having derived and understood the origins of the
IQHE, we now provide an alternative interpretation of
the IQHE in terms Chern numbers and the Berry phase
[2, 5, 10].

1. Berry Phase

This discussion is due to [2]. Before considering the
IQHE in detail, we first introduce the notion of Berry
phase. We will turn once again to the adiabatic theo-
rem. Suppose we have a Hamiltonian H(6#;) dependent
on several parameters 6;(t), and suppose that the 6;(t)
vary slowly in time. For an energy eigenstate |¢), the
Schrodinger equation yields

0
Zhah@ = H(0:(t))]). (34)

Suppose that the parameters 8; are evolved through time
and brought back to their original values. By the adia-
batic theorem, the resulting state |¢)’) must be the same
as the original, which means that |¢’) differs from |¢)) by
at most a phase e **:

[¥) = e y). (35)
We derive a formula for this phase. Suppose that at ¢ = 0,

[9(0)) = [40(6:(0))), (36)

where [10(6;(t))) is an eigenstate of the Hamiltonian at
time ¢t. A state of energy F contributes a dynamical
phase e &%/ upon evolution through time ¢ regardless
of how we vary the parameters; however, we are not in-
terested in this dynamical phase, so we take the energy
of |[10(0;(t))) to be zero. By the adiabatic theorem, we
then see

H(0;(t))|vo(0:(t))) =0 (37)
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at all subsequent times t. Now, suppose that the state
[t(t)) evolves as

[¥(®) = U®)|vo(0:())) (38)

for a phase U(t). Differentiating with respect to time, we
find that

90 = () =0, (39)

as we have assumed the energy of [(0(t))) to be zero.
On the other hand,

(1) = U®)wo(0:(1))) + U)o (6i(t)).  (40)
Dotting both sides with (¢(¢)| and simplifying, we have

w(6:0)) TUe. (@

5t = <¢0(9i(t)) 'aagi

Then, writing

Ay = =i <¢°<9i(t)) '38%

wo<ei<t>>>, (42)

and solving the differential equation, we have

t .
U(t) = exp <—Z/ dt’" A; dﬁz) . (43)
0 dt’

The quantity A; is known as the connection, and it can
be intuitively seen as the object which adiabatically “con-
nects” states between two points in parameter space. In
particular, if we evolve the parameters 6; in time and
bring them back to their initial starting point, the phase
acquired is

U=e " =exp (—27{ d9iA¢> ) (44)
C

where C' is the path traced in parameter space through
time by the parameters ;. Using Stokes’ theorem, we
may write the contour integral as a surface integral:

a:/dEij}"jj (45)
S
where
LA A
Fij = 59~ o0, (46)

Mathematically, the quantity F;; is the curvature associ-
ated with the connection A;: It measures how much the
connection deviates from characterizing a “flat” param-
eter space.

2. Chern Numbers and the IQHE

FIG. 3: A diagram of the setup described in Section IIIB.
Figure from [2].

We now turn our attention back to the IQHE. We will
show that the integer appearing in the Hall conductivity
is in fact a topological invariant of a particular parameter
space. Consider again two-dimensional conducting sheet
of lengths L, and L, with a perpendicular magnetic field
B [2, 5, 6]. Now, we impose periodic boundary conditions
in both directions—in other words, we consider the prob-
lem on a torus. The vector potential A in the Landau
gauge is

A = (0, Bx,0). (47)

We now thread two magnetic fluxes through the torus:
®, and ®,. We let the flux ®, pass through the loop
in the z-direction and ®, pass through the loop in the
y-direction. (See Fig. 3.) This has the effect of shifting
the vector potential to

o, @,

Now, recall the magnetic flux quantum ®y = 2wh/e?. We
have seen in Section IIT A that threading a magnetic flux
®y leaves the spectrum unaltered, so we should really
think of the variables ®, and ®, as periodic variables
lying in the range 0 < ®,,®, < ®;. Thus, we define

o 27‘(‘1)1‘.

01‘ )
%)

(49)

then, 0 < 0; < 27 for i = x,y. We may proceed through
a derivation analogous to that of Section III A to find the
wavefunctions for this system:

wn,m(x§ o, (I)y) =

. ed i) 50
el (i)
x Yy

Here we have again let k,,, be the quantized momentum
in the y-direction and z}, = —k,,[%. At this point, we
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now compute the curvature JF;; associated with the pa-
rameters 6, 0,. We have

0A 0A o2
Foy = - — —4 = ;0 _x
Y 29, a0, (2m)?
o O\
{&{)y <1/)n,m 90, > (51)

9 IMp,m
8<I>m <'¢n,m aq)y >:|
OYn,m

The first term in the brackets vanishes as (¢, 1| =552 ) is
y

independent of ®,. Hence, using the explicit expression
for the wavefunction ¥, p, (z; @5, ®,), we have

- ) (I)(Q) 9 awn,m
.me—_lw(m]<wn,m’ 6(I)T >
_ (I)% 0 e
~"2n)2 T%Ewmmlwlwn,m)
_ o5 0 e [

(2n)2 0%, L,

e (52)

_ Y

Fm BLy]
_h

"~ eBL,L,

Our system consists of a single electron, so the electron
number density is n = 1/(L,L,). Hence, comparing (52)
with our expression for the classical Hall conductivity as
a function of B in (10), we may write

Ogy = ——Fuy- (53)
This expression (53) turns out to hold in complete gen-
erality [2]. In fact, from this expression, we may now
observe the quantization of o,,. To do this, we average
Fuy over parameter space: 0 < 6,60, < 2. The conduc-
tivity should be invariant, regardless of the values of the
threaded flux, so we should have

62/ d?6
Opy = —— ——Fuy- 54
Y h [0,27]2 (2m)? Y (54)
The quantity
d?o
C) = —Fuy €Z 55
' /[0727\']2 27 7 v & ( )

is an integer known as the (first) Chern number, and it
characterizes the topology of the parameter space inte-
grated over. To see why C € Z, consider the adiabatic
evolution of the parameters 61,60, in a very, very small
loop L in parameter space. Then, as the loop is con-
tracted to a point, the Berry phase acquired should go
to unity. In other words

e ' = exp (—zj{ dGiAi) — 1. (56)
L

Now, the whole parameter-space (01,62) is a surface
whose boundary is the small curve L. Hence, by Stokes’
theorem,

f{ do;A; = / d?0 Fpy. (57)
L [0,27]2

Thus, for the phase e™*® to go to unity, we must have

/[0 - d*0 F,, € 277, (58)

so C' € Z, exactly as claimed.
Putting everything together, we see

e2

Oxy = *%017 (59)

which is exactly the quantization condition of the IQHE.
The quantization is seen to arise from the Chern number,
a topological feature of the parameter space of the fluxes
0,0, [2].

IV. DISCUSSION

We have the Integer Quantum Hall Effect in Section
ITI. The first argument, due to [1], uses gauge invariance.
The second, due to [5], makes the connection to topology
clear by relating the quantized Hall conductivity to the
first Chern number of an associated parameter space. We
note several salient features of the derrivations of Section
IIT below:

1. The relationship between the IQHE and the Chern
number runs much deeper than discussed in this ar-
ticle [2, 6, 7, 10]. The Chern number also shows up
when considering the quantization of electrons on
a lattice in the presence of a magnetic field, except
the relevant manifold is no longer a torus in param-
eter space but rather the Brillouin zone of allowed
lattice momenta. The Hall quantization is again
seen to be proportional to the first Chern number,
and the appearance of the Chern number in this
context is known as the TKNN invariant. A full
discussion is found in [2, 6].

2. We have explained why the IQHE quantization
condition holds when the Landau levels are com-
pletely filled.  From this, the experimentally-
observed plateaus in the resistivity can be ex-
plained. The plateaus arise from the presence of
impurities within the conductor, known as disorder
(See [1, 2] for a full discussion.) It is notable (and
somewhat ironic) that an exact, topological phe-
nomenon is experimentally observable in part due
to the “dirty” effect of impurities [2].

3. Being a topological phenomenon, the IQHE is not
corrected to higher orders in perturbation theory.
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Thus, the exact quantization of the Hall resistivity
has been measured to remarkable accuracy [11]. It
must be noted that experimental measurements of
the Quantum Hall Effect have been so accurate that
they have been used to define the value of the ratio
e?/h [11].

4. Though our discussion so far has been mostly the-
oretical, there are several real-world applications
of the topological properties of the IQHE. In par-
ticular, the study of topological insulators arose
primarily from the consideration of the topological
properties of the IQHE [8]. As we have discussed,
in the IQHE, a fixed conductivity persists over a
large range of applied magnetic field strengths. A
topological insulator maintains the same fixed con-
ductivity, but does not require an applied magnetic
field [8]. A unique property of these materials is
that their conduction electrons do not scatter off
impurities [9]. As a result, recent interest has been

expressed in topological insulators due to their pos-
sible applications to quantum computing [9].

In summary, we have derived the quantization of the
Hall conductivity, and we have further demonstrated
that this quantization arises from a topological prop-
erty (specifically, the Chern number) of the parameter
space through which the electron state may adiabatically
evolve. The Integer Quantum Hall Effect is a well-studied
phenomenon, but a careful review of its theoretical for-
mulation reveals many new insights about the topology
underlying the physics.
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